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In the paper we study dynamics of the arbitrage prices of credit 
default swaps within a hazard process model of credit risk. We derive 
these dynamics without postulating that the immersion property is 
| satisfied between some relevant nitrations. These results are then 

0^ . applied so to study the problem of replication of general defaultable 

claims, including some basket claims, by means of dynamic trading 
of credit default swaps. 



1. Introduction. An inspection of the existing literature in the area of 
credit risk shows that the vast majority of papers focus on the risk-neutral 
valuation of credit derivatives without even mentioning the issue of hedging. 
This is somewhat surprising since, as is well known, the major argument 
supporting the risk-neutral valuation is the existence of hedging strategies 
for attainable contingent claims. In this paper we shall deal with the credit 
default swaps market only. Valuation formulae for credit derivatives traded 
■ on the CDS market are provided, for instance, in Brigo [11], Brigo and 

Q\ ! Morini [12], Hull and White [17], Schonbucher [24] and Wu [26], who deal 

with different products and/or models. There also exists a slowly growing 
number of papers in which the issue of hedging of defaultable claims is 
analyzed in a more systematic way; to mention a few: Arvanitis and Laurent 

<-h [2], Belanger, Shreve and Wong [3], Bielecki, Jeanbanc and Rutkowski [5, 6, 
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7, 8], Blanchet-Scalliet and Jeanblanc [10], Collin-Dufresne and Hugonnier 
[13], Frey and Backhaus [16], Kurtz and Riboulet [20], Laurent [21] and 
Laurent et al. [22]. In particular, in [5, 7] we studied hedging of defaultable 
claims in a general, semi-martingale setting. On the other hand, the pilot 
paper [8] studies problems analogous to those studied here, but under the 
assumption that the reference filtration (denoted as F in what follows) is a 
trivial filtration. 

From the practical perspective, it is common to split the risk of a credit 
derivative into three components: the default risk (that is, the jump risk 
associated with some particular credit event), the spread risk (i.e., the risk 
due to the volatile character of the pre-default values of a credit) and the 
correlation risk due to interdependence of the underlying credit names. The 
pertinent issue is thus to find a mathematically rigorous way of dealing si- 
multaneously with all three kinds of credit risks. Our main results, Theorems 
2.1 and 3.1, show that in a generic hazard process model driven by a Brow- 
nian motion it is, in principle, possible to perfectly hedge all sorts of risks 
in a unified manner, provided that a large enough number of liquid CDSs 
are traded. Specifically, one set of conditions address the issue of, hedging 
default risk, while other ones allow us to effectively deal with spread and 
correlation risks. Of course, all these conditions need to be simultaneously 
satisfied for a perfect hedging. It is clear from these formulae that hedging of 
the default risk relies on keeping under control the unexpected jumps that 
may come as a surprise at any moment and that are modeled by pure jump 
martingales. By contrast, hedging of spread and correlation risks hinges on 
more standard techniques related to volatilities and correlations of underly- 
ing continuous driving martingales. Let us finally note that in our previous 
paper Bielecki, Jeanblanc and Rutkowski [7] we have shown that in the case 
of a survival claim (i.e., a defaultable claim with zero recovery a default), 
it is enough to focus on hedging of the spread risk, provided that hedging 
instruments are also subject to the zero recovery scheme. We shall work 
throughout within the so-called hazard process (or reduced-form) approach, 
as opposed to the structural approach in which hedging can be dealt with us- 
ing the classic Black-Scholes-like approach. For general results within this 
methodology, we refer the reader to, among others, Belanger, Shreve and 
Wong [3], Bielecki and Rutkowski [4], Elliott, Jeanblanc and Yor [15], Jean- 
blanc and Le Cam [18], Jeanblanc and Rutkowski [19] and Schonbucher and 
Schubert [25]. 

Our program can be summarized as follows. We start by deriving the 
risk- neutral dynamics for the prices of defaultable claims. Next, we show 
that the risk-neutral pricing of defaultable claims (such as, credit default 
options and first-to-default swaps) can be supported through replication of 
these claims by dynamic trading of a suitable family of single-name credit 
default swaps. In Section 2 we address the issue of valuation and hedging of 
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defaultable claims in the market with traded CDSs with different maturities 
but with the same reference credit name. Results of this section may thus 
be applied, for instance, to a single-name credit default swaption. We show 
that replication of defaultable claims can be done using either a family of 
CDSs with fixed spreads and different maturities or using the associated 
family of virtual market CDSs, which may serve as the proxy for the market 
CDSs (in practice, CDSs are issued on a daily basis at the current market 
spread). In Section 3 we first derive the dynamics for a family of single- 
name CDSs in the case of several correlated credit names. Obviously, the 
fact that the default on a particular name occurs has an impact on the 
dynamics of CDS written on nondefaulted names. Subsequently, we extend 
some results obtained previously by Bielecki, Jeanblanc and Rutkowski [8] in 
the case of a trivial reference filtration to a more practically appealing case 
of a market model in which hazard rates are driven by a multidimensional 
Brownian motion. Let us admit that the results of this paper are of a rather 
abstract nature, in the sense that no explicit examples of hedging strategies 
for standard credit derivatives are presented; they will be studied in the 
follow-up work by Bielecki, Jeanblanc and Rutkowski [9]. 

2. Single-name credit default swap market. A strictly positive random 
variable r, defined on a probability space (f2, G,Q), is termed a random 
time. In view of its financial interpretation, we will refer to it as a default 
time. We define the default indicator process Ht = l{ r <t} an d we denote by 
EI the filtration generated by this process. We assume that we are given, 
in addition, some auxiliary filtration F and we write G = i V F, meaning 
that we have Q± = cr(7it,J~t) for every t € R+. The filtration G is referred 
to as the full filtration. It is clear that r is a H-stopping time, as well as a 
G-stopping time (but not necessarily an F-stopping time) . All processes are 
defined on the space (f2,G,Q), where Q is to be interpreted as the real- life 
(i.e., statistical) probability measure. Unless otherwise stated, all processes 
considered in what follows are assumed to be G-adapted and with cadlag 
sample paths. 

2.1. Price dynamics in a single-name model. We assume that the un- 
derlying market model is arbitrage-free, meaning that it admits a spot mar- 
tingale measure Q* (not necessarily unique) equivalent to Q. A spot mar- 
tingale measure is associated with the choice of the savings account B as 
a numeraire, in the sense that the price process of any tradeable security, 
which pays no coupons or dividends, is a G-martingale under Q*, when it 
is discounted by the savings account B. As usual, B is given by 

(1) B t = exp(^J r u du^j Vi€M+, 
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where the short-term r is assumed to follow an F-progressively measurable 
stochastic process. The choice of a suitable term structure model is arbitrary 
and it is not discussed in the present work. 

Let us denote by Gt = Q*(r > t \ Tt) the survival process of r with respect 
to a filtration F. We postulate that Gq = 1 and Gt > for every t 6 R + 
(hence, the case where r is an F-stopping time is excluded) so that the 
hazard process V = — InG of r with respect to the filtration F is well defined. 

For any Q*-integrable and .F^-measurable random variable Y, the follow- 
ing classic formula holds (see, e.g., Chapter 5 in [4] or [19]): 

(2) E Q ,(l {T<r} Y I G t ) = l {t<r} G^EQ*(G T Y | T t ). 

Clearly, the process G is a bounded G-supermartingale and thus it admits 
the unique Doob-Meyer decomposition G = /i — u, where /i is a martingale 
part and v is a predictable increasing process. Note that if G is continuous, 
then the processes [i and v are continuous as well. 

We shall work throughout under the following standing assumption. 

Assumption 2.1. We postulate that G is a continuous process and the 
increasing process v in its Doob-Meyer decomposition is absolutely contin- 
uous with respect to the Lebesgue measure, so that dv t = v t dt for some 
F-progressively measurable, nonnegative process v. We denote by A the F- 
progressively measurable process defined as At = G^ 1 v t . 

Let us note for the further reference that under Assumption 2.1 we have 
dGt = dfit — \Gt dt, where the F-martingale ji is continuous. Moreover, in 
view of the Lebesgue dominated convergence theorem, continuity of G im- 
plies that the expected value E<Q*(Gt) = Q*(r > t) is a continuous function, 
and thus, Q*(r = t) = 0, for any fixed t S R + . Finally, it is known (see, e.g., 
Lemma 3.2 in [15], or [19]) that under Assumption 2.1 the process M, given 
by 

rt/\T rt 

(3) M t = H t - A tAT = H t - \ u du = H t - / (1 - H u )X u du, 

Jo Jo 

is a G-martingale, where the increasing, absolutely continuous, F-adapted 
process A is given by 

(4) A t = / G~ 1 dv u = f \ u du. 

Jo Jo 

The F-progressively measurable process A is called the default intensity with 
respect to F. 

Remark. Results of this paper can be extended to the case where G 
is not assumed to be continuous, under the assumptions that r avoids the 
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F-stopping times and that v is a continuous process. The continuity of v is 
required to obtain a continuous compensator of H , that is, to work with a 
totally inaccessible G-stopping time r. Note also that under the assumption 
that v is absolutely continuous with respect to the Lebesgue measure, the 
hypothesis on continuity of G is not needed. Indeed, given that dvt = vtdt, 
the compensator of H then equals A tAr = J <Ar (G u _)~ 1 f u du, and thus we 
also have that 



2.1.1. Defaultable claims. We are in the position to introduce the con- 
cept of a defaultable claim. Of course, we work here within a single-name 
framework, so that r is the moment of default of the reference credit name. 

Definition 2.1. By a defaultable claim maturing at T, we mean the 
quadruple (X,A,Z,t), where X is an J^-measurable random variable, A = 
(At)te[o,T] is an F-adapted, continuous process of finite variation with Aq = 0, 
Z = (Zt)t£[o,T] is an F-predictable process, and r is a random time. 

The financial interpretation of components of a defaultable claim becomes 
clear from the following definition of the dividend process D, which describes 
all cash flows associated with a defaultable claim over its lifespan ]0, T], that 
is, after the contract was initiated at time (of course, the choice of as 
the inception date is merely a convention) . The dividend process might have 
been called the total cash flow process; we have chosen the term "dividend 
process" for the sake of brevity. 

Definition 2.2. The dividend process D = (D t )tsR + of the above de- 
faultable claim maturing at T equals, for every t £ R + , 



It is clear that the dividend process D is a process of finite variation 
on [0, T]. The financial interpretation of D is as follows: X is the promised 
payoff, A represents the process of promised dividends and the process Z, 
termed the recovery process, specifies the recovery payoff at default. It is 
worth stressing that, according to our convention, the cash payment (pre- 
mium) at time is not included in the dividend process D associated with 
a defaultable claim. 
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2.1.2. Price dynamics of a defaultable claim. For any fixed t € [0, T], the 
process D u — Dt,u£ [t,T], represents all cash flows from a defaultable claim 
received by an investor who purchased it at time t. Of course, the process 
D u — Dt may depend on the past behavior of the claim as well as on the 
history of the market prior to t. The past dividends are not valued by the 
market, however, so that the current market value at time t 6 [0, T] of a 
defaultable claim (i.e., the price at which it trades at time t) reflects only 
future cash flows to be paid/received over the time interval )t, T]. This leads 
to the following definition of the ex-dividend price of a defaultable claim. 

Definition 2.3. The ex-dividend price process S of a defaultable claim 
(X, A, Z, t) equals, for every t€ [0,T], 

(5) St = B t E Q *(J tT B- 1 dD u \g t y 

Obviously, St = for any dividend process D. We work throughout under 
the natural integrability assumptions, 



Eq.I^ 1 ^! < co, Eq» 



^"Q*\B t ^ t Z tAT \ < oo, 



f BZ l (l-H u )dA u 

J]0,T] 



< OO, 



which ensure that the ex-dividend price St is well defined for any t G [0, T]. 
We will later need the following technical assumption: 

(6) ^(^{B^Zufd^ <oo. 

We first derive a convenient representation for the ex-dividend price S of 
a defaultable claim. 

Proposition 2.1. The ex-dividend price of the defaultable claim (X, A, Z, 
t) equals, for t £ [0, T[, 

(7) S t = l {t<T} ^E Q *(B- 1 G T X + £ B- 1 G u (Z u \ u du + dA u )\F t 

Proof. For any t € [0,T[, the ex-dividend price is given by the condi- 
tional expectation 

/ fTAr 

St = BtEq* yB^ Xt{ T<T y + J B~ dA u + B~ Z T l{ t<T < T ^ 

Let us fix t and let us introduce two auxiliary processes Y = (Y u ) ue [ t ,T] and 
R = {Ru)ue[t,T\ by setting 

Y u = f U B" 1 dA v , R u = BZ l Z u + r B~ l dA v = B~ X Z U + Y u . 
Jt Jt 
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Then St can be represented as follows: 

St = Bt^Q* (B^ 1 Xl{ T<r } + l{ T<T yYr + R T ±{t< T <T} \Qt)- 
We use directly formula (2) in order to evaluate the conditional expectations 



B t Eq* (lr T<T ii? T 1 X | Q t ) = lr t<T i— -Eq* (B t 1 GtX I Tt 

Cry- 



and 



B, 



B t E Q *(t {T<T} Y T | Q t ) = 1{t<T} ^EQ*(G T Y T \ T t ). 
In addition, we will use of the following formula (see, e.g., [4]): 



(8) 



^Q*{^{t<T<T}R T I Qt 



-t 



{t<T} 



Ft), 



which is known to be valid for any F-predictable process R such that 
EQ*|i? T | < oo. We thus obtain, for any t £ [0, T[, 

fT 



St = t 



B t 

{t<r}-Q 



B^GtX + GtY t - J {B- l Z u + Y u )dG u 



Moreover, since dGt = d\it — XtGtdt, where fi is an F-martingale, we also 
obtain 

r-T 



t 



B t 



E Q*(-/ B u l Z u dG u 

fT 

J B u G u Z u \ u du 



B t 

[ ^G~ t 



ft 



where we have used (6). To complete the proof, it remains to observe that 
G is a continuous semimartingale and Y is a continuous process of finite 
variation with Yt = 0, so that the Ito integration by parts formula yields 



G T Y T - J' Y u dG u = f G u dY u = J' B~ l G u dA u , 

where the second equality follows from the definition of Y. We conclude that 
(7) holds for any t G [0, T[, as required. □ 

Formula (7) implies that the ex-dividend price S satisfies, for every t € 
[0,21, 



(9) 



St = t{t< T }St 



for some F-adapted process S, which is termed the ex-dividend pre-default 
price of a defaultable claim. Note that S may not be continuous at time T, 
in which case St- ^ St = 0. 
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Definition 2.4. The cumulative price process S c associated with the 
dividend process D is defined by setting, for every t 6 [0, T], 

(10) S c t = B t E Q * ( [ B' 1 dD u g t ) =S t + B t [ B' 1 dD u . 

\J]0,T] ) J]0,t] 

Note that the discounted cumulative price B~ 1 S C is a G-martingale under 
Q*. It follows immediately from (7) and (10) that the following corollary to 
Proposition 2.1 is valid. 

Corollary 2.1. The cumulative price of the defaultable claim (X,A,Z,t) 
equals, for t € [0, T], 

S t c = l {t<r} ^E Q « (B T l G T Xt {t<T} + £ B- l G u {Z u \ u du + dA u ) | T t 

+ B t f B- x dD u . 

J]o,t] 

The pre-default cumulative price is the unique F-adapted process S c that 
satisfies, for every t € [0, T], 

( n ) ^{t<r}St =1 {t<r}St- 

Our next goal is to derive the dynamics under Q* for (pre-default) prices 
and of a defaultable claim in terms of some G-martingales and F-martingales. 
To simplify the presentation, we shall work from now on under the following 
standing assumptions. 

Assumption 2.2. We assume that all F-martingales are continuous 
processes. 

The following auxiliary result is well known (see, e.g., Lemma 5.1.6 in 
[4]). Recall that fx is the F-martingale appearing in the Doob-Meyer decom- 
position of G. 

Lemma 2.1. Let n be any F-martingale. Then the process n given by 

rtAT 

(12) n t = n tAr - G~ l d(n,n) u 

Jo 

is a continuous G-martingale. 

In particular, the process £L given by 

rtAT 

(13) V>t = VtA T - / G~ 1 d(n,fj,) Vi 

Jo 
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is a continuous G-martingale. 

In the next result we deal with the dynamics of the ex-dividend price 
process S. Recall that the G-martingale M is given by (3). 

Proposition 2.2. The dynamics of the ex-dividend price S on [0,T] 
are 

dS t = -St- dM t + (1 - H t )((r t S t - X t Z t ) dt - dA t ) 
(14) + (1 - H t )Gi\B t dm t - S t dfi t ) 

+ (1 - H t )GT\St d(ii) t - B t d{fi, m) t ), 
where the continuous ¥ -martingale m is given by the formula 



(15) m t = Eq* (b^GtX + £ BZ l G u {Z u \ u du + dA u ) 

Proof. We shall first derive the dynamics of the pre-default ex-dividend 
price S. In view of (7), the price S can be represented as follows, for t G [0, T[: 

St = t{ t<T }St = t{ t<T }BtGt l Ut, 
where the auxiliary process U equals 



Ut = mt 



/ B u 1 G u Z u \ u du — / B u 1 G u dA u , 
Jo Jo 



where, in turn, the continuous F-martingale m is given by (15). It is thus 
obvious that S = BG~ 1 U for t € [0, T[ (of course, St = 0). Since G = fi — u, 
an application of Ito's formula leads to 

d(Gt l U t ) = Gt 1 dm t - B^ l Z t X t dt - B^ 1 dA t 

+ Ut(Gt 3 d(fi) t - Gt 2 {dm - dv t )) - Gt 2 d(fi,m) t . 

Therefore, since under the present assumptions dv t = \Gt dt, using again 
Ito's formula, we obtain 

dS t = ((X t + r t )St- \ t Zt) dt - dA t + Gt\B t dm t - S t dfn) 

(16) 

+ Gt 2 (S t d(fi)t-B t d(fi,m}t). 

Note that, under the present assumptions, the pre-default ex-dividend price 
S follows on [0,T[ a continuous process with dynamics given by (16). This 
means that St- = St on {t < r} for any t € [0, T[. Moreover, since 6? is 
continuous, we have that Q*(r = T) = 0. Hence, for the process St = (1 — 
H t )St we obtain, for every t £ [0,T], 

dS t = -S t - dM t + (1 - flt)(Mt - XtZt) dt - dA t ) 

(17) +(l-Ht)GT\B t dm t -Stdfit) 

+ ( 1 - H t )Gt 2 (S t d(ii) t - Btd{fx,m} t ). 
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This finishes the proof of the proposition. □ 

Let us now examine the dynamics of the cumulative price. As expected, 
the discounted cumulative price B^S is a G-martingale under Q* [see 
formula (19) below]. 

Corollary 2.2. The dynamics of the cumulative price S c on [0, T] are 
dS c t =r t S c t dt + {Z t -S t ^)dM t 

(18) + (1 - H t )Gi\B t dm t - S t dfn) 

+ (1 - H t )Gi 2 {S t d{ii) t - B t d{ti,m) t ), 
where the ¥ -martingale m is given by (15). Equivalently, 

(19) dS c t = r t S c t dt + (Z t - S t - ) dM t + Gi 1 {B t dm t - S t dfe) , 

where the G -martingales m and p, are given by (12) and (13), respectively. 
The pre-default cumulative price S c satisfies, for t € [0, T], 

dS c t = r t S c t dt + Xt(S t - Z t ) dt 

(20) 

+ G^{B t dm t - Stdfit)+Gt 2 (S t d(fi)t - B t d{fi,m)t). 
PROOF. Formula (10) yields 

dSf = dS t + d(Bt / o ^ -6,7 1 dD^j = dS t + r t {S c t - S t ) dt + dD t 



(21) 

= dS t + r t (S c t - S t ) dt + (l- H t ) dA t + Z t dH t . 

By combining (22) with (17), we obtain (18). Formulae (19) and (20) are 
immediate consequences of (12), (13) and (18). □ 

2.1.2.1. Dynamics under Hypothesis (H). Let us now consider the special 
case where the so-called Hypothesis 1 (H) is satisfied under Q* between the 
nitrations F and G = HVF. This means that the immersion property holds 
for the nitrations F and G, in the sense that any F-martingale under Q* 
is also a G-martingale under Q*. In that case, the survival process G of r 
with respect to F is known to be nonincreasing (see, e.g., Chapter 6 in [4] 
or [19]), so that G = —v. In other words, the continuous martingale fj, in 
the Doob-Meyer decomposition of G vanishes. Consequently, formula (14) 
becomes 

dS t = -S t . dM t + (1 - H t ){{r t St - \ t Z t ) dt - dA t ) 

(22) 

+ (1 - H^BtGt 1 dm t . 



1 This property is referred to as the martingale invariance property of F and G in [4]. 
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Similarly, (18) reduces to 

(23) dS c t = r t S c t dt + (Z t - S t ) dM t + (1 - Ht)Gj x Bt dm t 
and (20) becomes 

(24) dS c t = r t Sf dt + X t (S t - Z t ) dt + G^B t dm t . 

Remark. Hypothesis (H) is a rather natural assumption in the present 
context. Indeed, it can be shown that it is necessarily satisfied under the 
postulate that the underlying F-market model is complete and arbitrage- 
free, and the extended G-market model is arbitrage-free (for details, see 
Blanchet-Scalliet and Jeanblanc [10]). 

2.1.3. Price dynamics of a CDS. In Definition 2.5 of a stylized T-maturity 
credit default swap, we follow the convention adopted in [8]. Unlike in [8], 
the default protection stream is now represented by an F-predictable process 
5. We assume that the default protection payment is received at the time 
of default and it equals 5t if default occurs at time t prior to or at maturity 
date T. Note that 5t represents the protection payment, so that according 
to our notational convention, the recovery rate equals 1 — 5t rather than 5t- 
The notional amount of the CDS is equal to one monetary unit. 

Definition 2.5. The stylized T-maturity credit default swap (CDS) 
with a constant rate k and recovery at default is a defaultable claim (0, A, Z, r) 
in which we set Zt = St and At = —nt for every t £ [0, T]. An F-predictable 
process 5 : [0, T] — > R represents the default protection and a constant k is 
the fixed CDS rate (also termed the spread or premium of the CDS). 

A credit default swap is thus a particular defaultable claim in which the 
promised payoff X is null and the recovery process Z is determined in ref- 
erence to the estimated recovery rate of the reference credit name. We shall 
use the notation D(k, 5, T, r) to denote the dividend process of a CDS. It fol- 
lows immediately from Definition 2.2 that the dividend process D(k,5,T,t) 
of a stylized CDS equals, for every t G M + , 

D t (K,5,T,r)= 5 u dH u -K (1-H u )du 

J]0,t/\T] J]0,tAT] 

(25) 

= 5 T l {T < tAT} -K(tATAT). 

In a more realistic approach, the process A is discontinuous, with jumps 
occurring at the premium payment dates. In this work we shall only deal 
with a stylized CDS with a continuously paid premium; for a more practical 
approach, we refer to Brigo [11] and Brigo and Morini [12]. 
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Let us first examine the valuation formula for a stylized T-maturity CDS. 
Since we now have X = 0, Z = 5 and At = —nt, we deduce easily from (5) 
that the ex-dividend price (or mark-to-market) of such CDS contract equals, 
for every t G [0,T], 

(26) S t (K,S,T,r) = l {t<T} (5(t,T) - K,A(t,T)), 

where we denote, for any t G [0,T], 



6(t,T) = -±E q *{± {t<T < T} B; l 8 T | T t , 



B f rTAr 

A(t,T) = -^E Q *[j t B^alu 



and 

rThr 

n \Jt 

The quantity 5(t,T) is the pre-default value at time t of the protection leg, 
whereas A(t,T) represents the pre-default present value at time t of one 
risky basis point paid up to the maturity T or the default time r, whichever 
comes first. For ease of notation, we shall write St (k) in place of St (k, 5, T, r) 
in what follows. Note that the quantities S(t,T) and A(t,T) are well defined 
at any date t € [0, T], and not only prior to default as the terminology "pre- 
dcfault values" might suggest. 

We are in the position to state the following immediate corollary to Propo- 
sition 2.1. 

Corollary 2.3. The ex-dividend price of a CDS equals, for any t G 

[o,n 

(27) S t (K) = l {t<T} ^E Q *n B- 1 G U (5 U \ U -K)du\ft 

and, thus, the cumulative price of a CDS equals, for any t G [0,T], 

B / 

St(n) = ts t<T \— -Eq. ( / B^GuiduXu - k) du 

(28) Gt KJt 

+ B t [ B" 1 dD u . 

J]o,t] 

The next result is a direct consequence of Proposition 2.2 and Corollary 
2.2. 

Corollary 2.4. The dynamics of the ex- dividend price S(k) on [0,T] 
are 

dS t (K) = -St-(K) dM t + (1 - H t )(r t St(K) +k- X t 5 t ) dt 

(29) +(l-Ht)Gt 1 (B t dn t -St(K)d f it) 

+ (1 - H t )Gt 2 (S t ( K ) d(fi) t - Btd(fi,n)t), 
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where the ¥ -martingale n is given by the formula 

(30) rat = Eq. ^ B~ l G u {5 u \ u -n)du\ T^j . 

The cumulative price S c (k) satisfies, for every t 6 [0, T], 
dS c t {K) = r t S c t {K) dt + (S t - &-(«)) dM t 

+ (1 - H t )Gi\B t dn t - S t {K)dn t ) 

+ (1 - H t )Gt 2 {S t (K) d{fj,) t ~ B t d(n,n) t ), 

or equivalently, 

(31) dSZ{K) = r t S${K) dt + (S t - S t -(K)) dM t + Gt\B t dn t - S t (k) dfa), 
where the G-martingales n and fL are given by (12) and (13) respectively. 

Dynamics under Hypothesis (H). If the immersion property of F and G 
holds, the martingale /i is null and, thus, (29) reduces to 

dS t (K) = -St(K) dM t + (1 - H t )(r t S t (K) + k- X t St) dt 

(32) 

+ (l-H t )B t Gt 1 dn t , 
since the process St(n),t £ [0, T], is continuous and satisfies [cf. (16)] 

(33) dSt(K) = ((A t + rt)St(K) + K - X t 5 t ) dt + B t G^ dn t . 

Let us note that the quantity k — XtSt can be informally interpreted as the 
pre- default dividend rate of a CDS. 
Similarly, we obtain from (31) 

(34) dS c t {n) = r t S c t (K) dt + (5 t - S t ( K )) dM t + (1 - H^BtG^ 1 dn t 
and 

dS$(K) = r t S c t {K) dt + \ t (S t (K) - S t ) dt + BtGt 1 dn t . 

2.1.4. Dynamics of the market CDS spread. Let us now introduce the 
notion of the market CDS spread. It reflects the real-world feature that for 
any date s the CDS issued at this time has the fixed spread chosen in such 
a way that the CDS is worthless at its inception. Note that the recovery 
process 5 = (St)te\o,T\ is fixed throughout. We fix the maturity date T and 
we assume that credit default swaps with different inception dates have a 
common recovery function S. 

Definition 2.6. The T -maturity market CDS spread k(s,T) at time 
s £ [0, T] is the level of the CDS rate that makes the values of the two legs 
of a CDS equal to each other at time s. 
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It should be noted that CDSs are quoted in terms of spreads. At any date 
t, one can take at no cost a long or short position in the CDS issued at this 
date with the fixed rate equal to the actual value of the market CDS spread 
for a given maturity and a given reference credit name. 

Let us stress that the market CDS spread k(s,T) is not defined neither 
at the moment of default nor after this date, so that we shall deal in fact 
with the pre-default value of the market CDS spread. Observe that k(s,T) is 
represented by an ^-measurable random variable. In fact, it follows imme- 
diately from (27) that k(s,T) admits the following representation, for any 
se[0,T]: 



k(s,T) 



where we denote 



and 



Sjs,T) _ Eq*(JI B^GuSuXudu | T s ) _ K] 
A(s, T) " Eq. (jj B^Gu du | F a ) " K* 



K\ = E Q , Qf T B~ l G u 5 u \ u du | 



K] = E Q , ^ B- l G u du\F t 



In what follows, we shall write briefly k s instead of k(s,T). The next 
result furnishes a convenient representation for the price at time t of a CDS 
issued at some date s < t, that is, the marked-to-market value of a CDS that 
exists already for some time (recall that the market value of the just issued 
CDS is null). 

Proposition 2.3. The ex-dividend price S(k s ) of a T -maturity market 
CDS initiated at time s equals, for every t € [s,T], 

(35) S t {n s ) = t{ t<T }(K t - K s )A(t,T) = l {t<T }S t (K s ), 

where St(K s ) is the pre-default ex-dividend price at time t. 

Proof. To establish (35), it suffices to observe that St(n s ) = St(K s ) — 
St(nt) since St(nt) = 0. Therefore, in order to conclude, it suffices to use (26) 
with k = Kt and K = k s . □ 



Let us now derive the dynamics of the market CDS spread. Let us define 
two F-martingales 

(36) m] = Eq. B^GJuK du | T^j = K] + jT B- 1 G U 8 U X U du 
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and 

(37) m 2 = Eq. ^ T B~ l G u du | T^j = K 2 + J* B~ l G u du. 

Under Assumption 2.2, the F-martingales m 1 and m 2 are continuous. There- 
fore, using the ltd formula, we find easily that the semimartingale decom- 
position of the market spread process reads 

dK s = j^\JB~ G s (n a - 5 s X s )ds + j^d(m 2 ) s - -^d{m ,m 2 ) 

+ {dm\ - k s dm 2 ). 

2.2. Replication of a defaultable claim. We now assume that k credit 
default swaps with certain maturities Tj > T spreads and protection pay- 
ments 8 l for i = 1, . . . , k are traded over the time interval [0,T]. All these 
contracts are supposed to refer to the same underlying credit name and, 
thus, they have a common default time r. Formally, this family of CDSs is 
represented by the associated dividend processes D % = D(ki, 5 l , Ti, r) given 
by formula (25). For brevity, the corresponding ex-dividend price will be de- 
noted as S l (Ki) rather than S(ni,5 l ,Tj,r). Similarly, 5 c '*(Kj) will stand for 
the cumulative price process of the ith traded CDS. The Oth traded asset is 
the savings account B. 

2.2.1. Self-financing trading strategies in the CDS market. Our goal is to 
examine hedging strategies for a defaultable claim (X, A, Z, r). As expected, 
we will trade in k credit default swaps and the savings account. To this end, 
we will consider trading strategies ip = (tp°, . . . , (p k ), where </?° is a G-adapted 
process and the processes ip 1 , . . . , (p k are G-predictable. 

In the present set-up we consider trading strategies that are self-financing 
in the standard sense, as recalled in the following definition. 

Definition 2.7. The wealth process V(ip) of a strategy ip = (p°, . . . , ip k ) 
in the savings account B and ex-dividend CDS prices S l (^Ki)^i — 1, . . . , k 
equals, for any t 6 [0,T], 

(38) V t (<p) = <p° t B t + J24si(K i ). 

i=i 

A strategy tp is said to be self-financing if Vt(ip) = Vo(cp) + Gt{<p) for every 
t € [0, T], where the gains process G{ip) is defined as follows: 



(39) 



k 

J]o,t] f^iMt] 
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where D l = D(Ki,5 l ,Tj,r) is the dividend process of the ith CDS [see for- 
mula (25)]. 

The following lemma is fairly general; in particular, it is independent of 
the choice of the underlying model. Indeed, in the proof of this result we only 
use the obvious relationships dBt = rtBtdt and the relationship [cf. (10)] 

(40) S c /(k-) = St( Ki ) + B t [ B' 1 dDl 

J]o,t] 

Let V*{tp) = B~ l V{(p) be the discounted wealth process and let £ c,4, *(Kj) = 
B^ 1 S c ' l (ni) be the discounted cumulative price. 

Lemma 2.2. Let ip = (y?°, . . . , ip k ) be a self-financing trading strategy in 
the savings account B and ex-dividend prices S l (Ki),i = 1, ...,k. Then the 
discounted wealth process V* = B~ l V{(p) satisfies, for t € [0, T\, 

(41) dV t *( V )=Y,4dSt> i >*(K i ). 

1=1 

PROOF. We have 

dV t *(<p) = B^ 1 dV t (<p) - r t Bt l V t {<p) dt = Bt l {dV t {<p) - r t V t (<p) dt) 

k 

$T t Bt dt + Y, <pi(dS l t ( Ki ) + dD\) - r t V t (<p) dt 
i=i 



k 

+ 4(dSi(*i) + dDl) - rtV t (<p) dt 
i=i 

k 

= B^ <P\(dSi(Ki) - r t Si( Ki ) dt + dDl) 
t=i 

k 

= Y^(d(B^Sl{^))+B^dDl). 
t=i 

By comparing the last formula with (40), we conclude that (41) holds. □ 

2.2.2. Replication with ex-dividend prices of CDSs. Recall that the cu- 
mulative price of a defaultable claim (X,A, Z,t) is denoted as S c . We adopt 
the following natural definition of replication of a defaultable claim. Note 
that the set of traded assets is not explicitly specified in this definition. 
Hence, it can be used for any choice of primary traded assets. 



Bt 



V t (tp)-Yv\Si{Ki))rtdt 
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Definition 2.8. We say that a self-financing strategy 99 = (ip°, . . . , tp k ) 
replicates a defaultable claim (X,A,Z,t) if its wealth process V(<p) satisfies 
Vt(ip) = S% for every t € [0, T]. In particular, the equality Vt/\ T ((p) = Sf Ar 
holds for every t S [0, T]. 

In the remaining part of this section we assume that Hypothesis (H) holds. 
Hence, the hazard process T is increasing and, thus, by Assumption 2.1, we 
have that, for any t £ [0,T], 

r t = A t = [ X u du. 



The discounted cumulative price 5 c,4 (Kj) of the ith CDS is governed by 
[cf. (34)] 

(42) dS c /'*( Ki ) = Bt\5\ - Si( Ki )) dM t + (1 - H t )Gt l dnj, 
where [cf. (30)] 

(43) 4 = E Q . B- l G u {8i\ u - m) du J T t 

The next lemma yields the dynamics of the wealth process V((p) for a self- 
financing strategy (p. 

Lemma 2.3. For any self- financing trading strategy if, the discounted 
wealth V*(ip) = B^V^tp) satisfies, for any t € [0,T], 

(44) dV t *(<p) = E 4(Bf\8i - St(Ki))dM t + (1 - H t )Gi l dn\). 

8=1 

PROOF. It suffices to combine (41) with (42). □ 

It is clear from the lemma that it is enough to search for the compo- 
nents (p l , . . . , ip k of a strategy (p. The same remark applies to self-financing 
strategies introduced in Definitions 2.7 and 2.10 below. 

It is worth stressing that in what follows we shall only consider admissible 
trading strategies, that is, strategies for which the discounted wealth process 
V*((p) = B~ l V(tp) is a G-martingale under Q*. The market model in which 
only admissible trading strategies are allowed is arbitrage-free, that is, ar- 
bitrage opportunities are ruled out. Admissibility of a replicating strategy 
will be ensured by the equality V(ip) = S c and the fact that the discounted 
cumulative price B~ l S c of a defaultable claim is a G-martingale under Q*. 

We work throughout under the standing Assumptions 2.1 and 2.2 and the 
following postulate. 
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Assumption 2.3. The filtration F is generated by a d-dimensional Brow- 
nian motion W under Q*. 

Since Hypothesis (H) is assumed to hold, the process W is also a Brow- 
nian motion with respect to the enlarged filtration G = M V F. Recall that 
all (local) martingales with respect to a Brownian filtration are necessarily 
continuous. Hence, Assumption 2.2 is obviously satisfied. 

The crucial observation is that, by the predictable representation property 
of a Brownian motion, there exist F-predictable, Revalued processes £ and 
C,i= 1, ■ ■ ■ ,k, such that dmt = £t dW% and dn\ = Q dWt, where m and n l 
are given by (15) and (43) respectively. 

We are now in the position to state the hedging result for a defaultable 
claim in the single-name set-up. We consider a defaultable claim (X, A,Z,r) 
satisfying the natural integrability conditions under Q*, such that the cu- 
mulative price process S c for this claim is well defined. 

Theorem 2.1. Assume that there existF -predictable processes ip 1 , ... ,tp k 
satisfying the following conditions, for any t G [0, T] : 

k k 

(45) ]T 4(61 - SUm)) =Z t -S t , &Ct = it- 
1=1 1=1 

Let the process V((p) be given by (44) with the initial condition Vo(np) = Sq 
and let ip° be given by, for t G [0, T], 

(46) <p° t = (v t (<p) - <PtSt("i)\ ■ 

Then the self-financing trading strategy if = (ip°, . . . , (p k ) in the savings ac- 
count B and assets S l (ni),i = 1, . . . , k, replicates the defaultable claim {X, A, Z, r) . 

Proof. From Lemma 2.3, we know that the discounted wealth process 
satisfies 

(47) dV?{tp) = ]T rt{Bt\5\ ~ Sl{m)) dM t + (1 - H t )Gi l dnj). 

i=l 

Recall also that the discounted cumulative price S c '* of a defaultable claim 
is governed by [cf. (23)] 

(48) dSt'* = Bt\Z t -St)dM t + (l- HjGt 1 dm t . 

We will show that if the two conditions in (45) are satisfied for any t G [0, T], 
then the equality Vt(<p) = S$ holds for any t G [0, T]. 
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Let V*(ip) = B 1 V(ip) stand for the discounted pre-default wealth, where 
V(ip) is the unique F-adapted process such that 1{<< T } Vt(<p) = lu <T \Vt((p) 
for every t € [0, T]. On the one hand, using (45), we obtain 

k 

dV t *{y) = £ 4(hBr\Si( Ki ) - 8\) dt + G^Q dW t ) 

i=l 

= \ t Bt\S t - Z t ) dt + G^Ct dW t . 

On the other hand, the discounted pre-default cumulative price S c '* = B~ 1 S C 
satisfies [cf. (24)] 

dS c t '* = \tBt\St - Z t ) dt + Gt^t dW t . 

Since by assumption Vq(ip) = Vo(np) = Sq = Sq* , it is clear that V t *(ip) = S%' 
for every t € [0,T]. We thus conclude that the pre-default wealth V(ip) of <p 
and the pre-default cumulative price S c of the claim coincide. Note that the 
first equality in (45) is in fact only essential for those values of t € [0, T] for 
which At 7^ 0. 

To complete the proof, we need to check what happens when default 
occurs prior to or at maturity T. To this end, it suffices to compare the 
jumps of S c and V(f) at time r. In view of (47), (48) and (45), we obtain 

AV T (p) = Z T - S T = AS C T 

and, thus, Vt/\ T (tp) = S£ At for any t £ [0,T]. After default, we have dVt(<p) = 
r t Vt{ip)dt and dS% = rtSfdt, so that we conclude that the desired equality 
V t (ip)= Sf holds for any t G [0, T]. □ 

As pointed out by the anonymous referee, a BSDE approach can be use- 
ful for the determination of the quantities C, 1 an d £■ The coefficient of the 
jumping martingale in the BSDE is determined explicitly by the size of the 
jump, as noticed in the general representation theorem presented in Section 
6.3. of Bielecki and Rutkowski [4]. 

2.2.3. Replication with rolling CDSs. When considering trading strate- 
gies involving CDSs that were issued in the past, one encounters a practical 
difficulty regarding their liquidity. For this reason, we shall now analyze 
trading strategies based on rolling CDS contracts. Toward this end, we will 
define a contract — that we call a rolling credit default swap — which at any 
time t has similar features as the T-maturity CDS issued at this date t, in 
particular, its ex-dividend price is equal to zero. Intuitively, one can think 
of the rolling CDS of a constant maturity T as a stream of CDSs of constant 
maturities equal to T that are continuously entered into and immediately 
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unwound. Thus, a rolling CDS contract is equivalent to a self-financing trad- 
ing strategy that at any given time t enters into a CDS contract of maturity 
T and then unwinds the contract at time t + dt. 

Remark. We maintain the assumptions of Section 2.2.2. Also, we use 
here a simplifying assumption that the protection payment process 5 is 
generic, that is, it is the same for all CDS contracts referencing the same 
default t and with the same maturity T. Otherwise, for every fixed maturity 
date T, we would need to consider the whole class of protection payment 
processes, indexed by the initiation date. 

Denote by S u (t, K(t,T)) the time — u ex-dividend price of a CDS that 
was initiated at time t < u at the contracted spread n(t,T), where T is the 
maturity. From (32), we immediately obtain that, for any fixed t £ [0, T] and 
every u£ [t,T], 

dS u (t,K(t,T)) = -S u (t, K (t,T))dM u 

+ (1 - H u )(r u S u (t, K(t,T)) +n(t,T) - \ u 5 u )du 

+ (1 - H U )B U G- X {dnl{t) - n(t,T) dn 2 u (t)), 



where we denote 



and 



nl(t) = E Q *n B^GsSsXsds 



T 



n 2 u (t)=E®*n B^Gsds 



T 



Note also that for fixed t £ [0, T] and every u > t [see (36) and (37)], 
n l u {t) = Eq. QT T B~ l G s 8 s \ s ds | ^ - B~ l G s 5 s \ s ds 

= w} u - f B~ 1 G s 5 s \ s ds, 
Jo 

so that dn^ (t) = dm^ . A similar argument shows that dn 2 (t) = dm 2 . Conse- 
quently, we also have that 

dS u (t, K(t, T)) = -S u {t, K {t, T)) dM u 

(49) + (1 - H u )(r u S u (t, K (t,T)) + n(t, T) - \ u 5 u )du 

+ (1 - H u )B u GZ l {dm l u - K{t,T)dm 2 u ). 

We are in the position to prove the following result, in which R stands 
for the wealth process of a self-financing trading strategy representing the 
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rolling CDS with maturity date T. Note, in particular, that the process 
B^Rt is a local martingale, in general, and a proper martingale under mild 
assumptions, which we take for granted. 

Lemma 2.4. The dynamics of the wealth process R are 
(50) dR t = r t R t dt + 5 t dM t + (1 - Ht)B t Gt 1 {dm\ - «(t, T) dm 2 t ). 

Proof. Let us sketch the proof of the lemma. Assume that we enter in 
a CDS at time t and we close this position at time t + h, putting all the 
remaining money in the bank account and entering in a new CDS, issued at 
time t + h. Since the savings account clearly accrues at the short-term rate 
r, we may postulate, for simplicity of presentation, that Rt = 0. Also, it is 
enough to examine the dynamics of the wealth process R up to the moment 
t AT. For instance, the wealth of our portfolio at time s = (t + h) A r can 
be represented as follows: 

R s = S s (t, K{t, T)) - K(t, T)B S J' B~ l du + S T l {t<T < s} . 

For AR = R s — Rt = R s , we thus obtain [recall that St(t, n(t, T)) = 0] 

AR = - J* S u (t, K (t, T)) dM u + J\r u S u (t, n(t, T)) + n(t, T) - A U S U ) du 

r s p s r s 

+ / B u G- x {dml-K{t,T)dml)- B s B- 1 K (t,T)du+ 5 u dH u 
Jt Jt Jt 

r u S u (t, K (t, T))du+ [\s u - S u {t, ^t, T))) dM u 



+ [\l-B s B- 1 )K{t,T)du+ j' S B u G~ l idml-Kit,T)dml). 
Jt Jt 

Recall that under our assumptions the process K(t,T),t 6 [0, T] is F-adapted 
and continuous, and thus F-predictable (see Section 2.1.4). Hence, by letting 
h tend to zero, we see that the process R stopped at r satisfies (recall that 
we postulated that Rt = 0) 

dR t = S t dM t + B t Gt l idm\ - K(t, T) dmf). 

In general, we obtain the asserted formula (50). □ 

Definition 2.9. Let < T\ < T 2 . The rolling CDS with initial time 
Ti and expiry date T 2 is a financial security initiated at time T±, whose ex- 
dividend price is zero and whose cumulative dividend process, say, R°iT\, T 2 ), 
satisfies Rj> (T\,T2) = and, for every t € [Ti,T2], 

e^ t c (Ti , T 2 ) = nRtin ,T 2 )dt + 5 t dM t 

(51) 

+ (1 - H t )B t Gt l {dm] - K{t,T 2 ) dm 2 t ). 
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In view of Lemma 2.4, the process R{T\,T2) represents the wealth of a 
strategy in which, at any time t € [Ti,T2] prior to default time r, we enter 
into one long CDS contract initiated at time t and maturing at time T2 and 
then immediately (i.e., at time t + dt) we unwind this contract and we enter 
into one long CDS contract initiated at time t + dt and maturing at time 
T2. As we shall now argue, practical considerations suggest that the actual 
life-span of a rolling CDS used for hedging purposes should be less than its 
nominal duration [Ti,T2]. 

In market practice the tenor of maturities of CDS contracts consists of, 
typically, four dates per calendar year. This means that, for example, 3-year 
CDSs issued between October 1 and December 31, 2007, will all mature on 
December 31, 2010; likewise, 3- year CDS contracts issued between January 
1 and March 31, 2008, will all mature on March 31, 2011. Consequently, we 
need to deal with a sequence of rolling CDSs, all with the life-span T of 3 
months. For instance, a rolling CDS started on T k = October 1, 2007 and 
maturing on T k = December, 31, 2010 will need to be replaced on January 
1, 2008, by a new rolling CDS starting on T k+1 = January 1, 2008 and 
maturing on T k+l = March, 31, 2011, and so on. Analogous rules apply to 
5-year, 7-year and 10-year credit default swaps. 

We shall now introduce a portfolio of rolling CDSs, all with the same 
life-span T of 3 months. We shall denote the contracts in the portfolio 
by R k)l with spreads K k,t and protection payments 5 k,t , where k = 0, . . . ,K 
and i = 1, . . . ,1^. The superscript k determines the initial date of the given 
rolling CDS, say, T 1 ' 1 ; we assume that T^ 1 = kT for all i = 1, . . . , If.. The 
superscript i identifies other relevant features of the contract, such as the 
nominal duration of the contract, for example, three years, five years, etc. 
For example, we may have that T^' 1 = T^' 2 = October 1, 2007 and T 2 ^ = 
December 31, 2010 (a class of three year contracts) and T 2 ' 2 = December 
31, 2012 (a class of five year contracts). Note that the contract R k)l is only 
alive for t G [kT, (k + 1)T) and, thus, we formally set R k ' 1 to be zero for 
t<£[kT,(k + l)T). 

To describe the self-financing trading strategies in the savings account B 
and rolling CDS contracts, we may use the following version of Definition 
2.7. 

Definition 2.10. A strategy cp = (99°, {ip k,i , k = 0,...,K,i = l,.. .,h}) 
in the savings account B and the rolling CDS contracts with the cumulative 
dividend processes D k ' 1 = R k,t , k = 0, . . . , K, i = 1, . . . , Ik, is said to be self- 
financing if the wealth Vt{f) = $Bt satisfies Vt(ip) = Vo(tp) + Gt((p) for every 
t G [0, T], where the gains process G(tp) is defined as follows: 

G t (<p)=[ <p° u dB u + J2f ^JdR*/. 
J]o,t] 7l J ]W] 
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Similarly as in Lemma 2.2, we obtain the following condition satisfied by 
the discounted wealth process of any self-financing strategy tp in the sense 
of Definition 2.10: 

(52) d{B^V t {y)) = ]T ^d(B^ l R k /). 

k,i=l 

Let us denote by m 1,fc ' 1 the process given by formula (36) with S replaced 
by 5 k)% . Using (51), we obtain, on [0,r AT], 

diBf 1 ^/) = Gt 1 (dm£' k ' i - K K \t) dm 2 t ) + B^ l 5 k /dM t 

= GT\CI AI ~ K k \t)$) dW t + B^8 k / dM t , 

for some F-predictable processes {^ l > k > 1 and £ 2 . The following results can be 
demonstrated in a way analogous to the proof of Theorem 2.1 and, thus, the 
details are left to the reader. 

Theorem 2.2. Assume that there exist ¥ -predictable processes <p k ' 1 sat- 
isfying the following conditions, for every t € [0, T] : 

(54) Yl 1 [kT,(k+l)T)('t) i Pt' l St ,t = Z t - S t , 

k.i 

E^(Ct W -« M (*)C 2 ) = 6- 

k,i 

Let the process V(ip) be given by (52) with the initial condition Vo(ip) = Sq 
and let tp° satisfy (p®Bt = Vt{tp) for every t £ [0, T]. Then the self -financing 
trading strategy ip in the savings account B and rolling credit default swaps 
R k > 1 , k = 0, . . . , K, i = 1, . . . , If., replicates the defaultable claim (X, A,Z,r). 

Remark. Laurent, Cousin and Fermanian [22] take a different approach 
to hedging with market CDSs. They postulate the existence of instantaneous 
digital CDSs. Formally, the instantaneous dynamics of such a contract is 
exactly the same as these of the martingale M. Note, however, that they deal 
with a model in which the reference filtration is trivial and this corresponds 
to the set-up considered in our previous paper [8]. 

2.2.4. Sufficient conditions for hedgeability. The first equality in (45) 
eliminates the jump risk, whereas the second one is used to eliminate the 
spread risk. In general, the existence of ip 1 , . . . , p k satisfying (45) is not en- 
sured and it is easy to give an example when a solution to (45) fails to exist. 
In Example 2.1 below, we deal with a (admittedly somewhat artificial) situ- 
ation when the jump risk can be perfectly hedged, but the prices of traded 
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CDSs are deterministic prior to default, so that the spread risk of a default- 
able claim is nonhedgeable. In general, the solvability of (45) depends on 
several factors, such as: the number of traded assets, the dimension of the 
driving Brownian motion, the random character of default intensity 7 and 
recovery payoffs 8 l and the features of a defaultable claim that we wish to 
hedge. 

Example 2.1. Let r = and k = 2. Assume that K\ ^ k<i are nonzero 
constants, T\ 7^ T2, and let 5 1 = 5 2 = Z = 0. Assume also that the default in- 
tensity j(t) > is deterministic and the promised payoff A is a nonconstant 
J^-measurable random variable. We thus have [cf. (15)] 

m t = Eq. {G t X I F t ) = G T E Q * (X\F t ) = G T (e q , (X) + J* dW^j 

for some nonvanishing process £. However, since 7 is deterministic, it is also 
easy to deduce from (30) that Q = Q,i = 1, 2, for every t G [0,T]. The first 
condition in (45) reads Ya=i ft^t ( K i) = ^t> an< ^ since manifestly Sl(Ki) = 
KiGt G u du 7^ for every t G [0,T], no difficulty may arise here. However, 
the second equality J2i=i PtQ = Ct cannot be satisfied for every t G [0, T] , 
since the left-hand side vanishes for every t G [0,T]. 

We shall now provide sufficient conditions for the existence and uniqueness 
of a replicating strategy for any defaultable claim in the practically appealing 
case of CDSs with constant protection payments. We first address this issue 
in the special case where k = 2 and the model is driven by a one-dimensional 
Brownian motion W. In addition, we assume that the two traded CDSs have 
the same maturity, T\=T2 = U; this assumption is made here for simplicity 
of presentation only, and it will be relaxed in Proposition 2.5 below. Let us 
denote 



P t = BtG^E®* H B- l G u \ u du 
A t = B t Gi l E^ i^J%~ l G u du 



so that Sl(Ki) = SiPt — KiAt for i = 1,2. Similarly [cf. (43)], n\ = 5im\ — Kim%, 
where we set 



ml=E Q *n B~ 1 G u \ u du\f t y m? = E Q *(7 B^G u du 



u 



By the predictable representation property of the Brownian motion, dm\ = 
ipj dWt for j = 1,2 for some F-predictable, real- valued processes ip 1 and i/j 2 . 
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Proposition 2.4. Assume that T\ = T2 = U and the constant protection 
payments 5\ and 82 are such that 5\K2 7^ o~2K\ and (1 — Pt)i$ 7^ A^} f or 
almost every t £ [0, T]. T/ien for any defaultable claim (X, A, Z,t) there 
exists a unique solution (ip > ,<p 2 ) to (45)- 

Proof. In view of (43), we obtain Q = Siipl — Kiipf. Hence, the matching 
conditions (45) become 

2 2 
(55) Y,^iPt + K i A t ) = Z t -S u Y,^(^l-^t)=^ 

i=l i=l 

where, for brevity, we write Pt = 1 — Pt- A unique solution to (55) exists 
provided that the random matrix 

N = 5 1 P t + KiA t 5 2 Pt + K 2 A t 

is nonsingular for almost every t G [0, T], that is, whenever 
det N t = (<5 2 ki - 8 X K 2 ){P t ^ t - Ml) + 
for almost every t G [0,T]. □ 



Equality 62^1 — 5±K2 = would practically mean that we deal with a single 
CDS rather than two distinct CDSs. Note that we have here two sources of 
uncertainty, the discontinuous martingale M and the Brownian motion W; 
hence, it was natural to expect that the number of assets required to span 
the market equals 3. 

If the model is driven by a ci-dimensional Brownian motion, it is natural to 
expect that one will need at least d + 2 assets (the savings account and d + 1 
distinct CDSs, say) to replicate any defaultable claim, that is, to ensure the 
model's completeness (for similar results in a Markovian set-up, see [23]). 
This question is examined in the next result, in which we denote 



Pl = B t G t 



" lE Q*(7 ' B^GuXudu 
Ai = B t G^E Q * [J^B-'Gu 



Ft )■ 



so that Sl(Ki) = Sip} — KiA\ for i = 1, 
Kjmf 1 , where we set 



,k. Similarly [cf. (43)], n\ = Sim 



li 



m 



J B u 1 G u X u du 



Ft 



,2i 



T, 



B„ 1 G U du 
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By the predictable representation property of the Brownian motion, dm^ = 
ijjf 1 dWt for j = 1, 2 and i = 1, . . . , k and some F-predictable, IR d -valued pro- 
cesses ipi 1 = (ipi 11 , ■ ■ ■ ,ipj ld ). The proof of the next result relies on a rather 
straightforward verification of (45). 



Proposition 2.5. Assume that the number of traded CDS is k = d+l 
and the model is driven by a d- dimensional Brownian motion. Then condi- 
tions (45) can be represented by the linear equation N t tpt = 6 with the M k - 



valued process (pt = (ipj, . . . , (f k Y, the M. k -valued process £t = (Z t — St, £^ , . 
and the k x k random matrix Nt is given by 



N t 



where PI = 1 



PI- 



unique solution ((p 1 , 

te[o,T]. 



^f 1 



. 8 k P t k 



lid 



2kd 



d\t 



For any defaultable claim (X,A,Z,t) there exists a 
. . . , tp k ) to (4-5) if and only if detiVt 7^ for almost all 



3. Multi-name credit default swap market. In this section we shall deal 
with a market model driven by a Brownian filtration in which a finite family 
of CDSs with different underlying names is traded. 



3.1. Price dynamics in a multi-name model. Our first goal is to extend 
the pricing results of Section 2.1 to the case of a multi-name credit risk 
model with stochastic default intensities. 



3.1.1. Joint survival process. We assume that we are given n strictly 
positive random times T\ , . . . , r n , defined on a common probability space 
(Q,Q,Q), and referred to as default times of n credit names. We postu- 
late that this space is endowed with a reference filtration F, which satisfies 
Assumption 2.2. 

In order to describe dynamic joint behavior of default times, we introduce 
the conditional joint survival process G{u\, . . . ,u n ;t) by setting, for every 
u 1 ,...,u n ,t£R + , 

G(ui, . . . ,u n ;t) =Q*(ti >«i,..., r„ >u n \T t ). 

Let us set rm =t\ A ■ • ■ Ar n and let us define the process G^(t;t),t G 
by setting 

G (1) (t; t) = G(t, . . . , t ; t) = Q* (n > t , . . . , r n > t I T t ) = Q* (r {1) >t\F t ). 

It is easy to check that Gn\ is a bounded supermartingale. It thus admits the 
unique Doob-Meyer decomposition Gn\ = [i — v. We shall work throughout 
under the following extension of Assumption 2.1. 
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Assumption 3.1. We assume that the process is continuous and 
the increasing process v is absolutely continuous with respect to the Lebesgue 
measure, so that dvt = vt dt for some F-progressively measurable, nonneg- 
ative process v. We denote by A theJF-progressively measurable process 
defined as XtG~^(t;t)vt- The process A is called the first-to- default inten- 
sity. 

We denote HI = l^ T . <t y and we introduce the following nitrations HP, HI 
and G: 

Hi = a(Hi;sE[0,t]), H t = U] V • • • V ft?, Q t = T t \lU t . 

We assume that the usual conditions of completeness and right-continuity 
are satisfied by these nitrations. Arguing as in Section 2.1, we see that the 
process 



M t = H[ l) - A MT(1) = H[ l) - J* AT(1> X u du = H[ 1] -J*(l- H^)X u du 



/o Jo 

is a G-martingale, where we denote = l{ T(1)<t } and A f = /q X u du. Note 
that the first-to-default intensity A satisfies 

~ l®*(t<T {1) <t + h\f t ) 11 

A * " Hoh Q*(r {1) >t\T t ) ~ G^T) wh [Ut+h ~ Vt) - 

We make an additional assumption, in which we introduce the first-to- 
default intensity X 1 and the associated martingale M % for each credit name 
i = 1, ... ,n. 

Assumption 3.2. For any i = 1, . . . , n, the process A* given by 

Ji = l ®*(t<Tj<t + h,T {1) >t\T t ) 

l ~mh Q*(t ( i) >t I T t ) 

is well defined and the process M ! , given by the formula 
(56) M^^^-I^A^n, 
is a G-martingale. 



It is worth noting that the equalities Ya=i A* = A and M = Ya=i M l are 
valid. 
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3.1.2. Special case. Let T 1 , i = 1, . . . , n, be a given family of F-adapted, 
increasing, continuous processes, defined on a filtered probability space (O, F, II 
We postulate that Fq = and linit^ooll = oo. For the construction of de- 
fault times satisfying Assumptions 3.1 and 3.2, we postulate that (f2, J 7 , P) 
is an auxiliary probability space endowed with a family £j, i = 1, . . . , n, of 
random variables uniformly distributed on [0, 1] and such that their joint 
probability distribution is given by an ra-dimensional copula function C. We 
then define, for every i = 1, . . . ,n, 

Ti(uj,Q) = inf{t eR+:f j(£5) > -ln&(tD)}. 

We endow the space (O, Q, Q) with the filtration G = F V H 1 V • • • V HP, 
where the filtration EI* is generated by the process HI = l/ t > r .i for every 
i = 1, . . . , n. 

We have that, for any T > and arbitrary ti, . . . , t n < T, 
Q*(n > ti, . . . ,r„ > t„ I ^r) = C(ir t \ ,...,Kl), 

where we denote K\ = e~ r * . 

Schonbucher and Schubert [25] show that the following equality holds, for 
arbitrary s < t: 



*(^^ + \r\ n m { C(Kg ,...,Kl,..., K^j 

(n>t\g s )-i {s<T{1)} E Q ^ r(A M ^ 

/ 



Consequently, assuming that = / j^du, the zth survival intensity equals, 
on the event {tv^ > t}, 



One can now easily show that the process M l , which is given by formula 
(56), is a G-martingale. This indeed follows from the Aven's lemma [1]. 

3.1.3. Price dynamics of a first-to-default claim. We will now analyze the 
risk- neutral valuation of first-to-default claims on a basket of n credit names. 
As before, t\, . . . ,r n are respective default times and r^) = t\ A - • • Ar n stands 
for the moment of the first default. 

Definition 3.1. A first-to-default claim with maturity T associated 
with n,...,T n is a defaultable claim (X,A,Z,Tn\), where X is an Tt- 
measurable amount payable at maturity T if no default occurs prior to or 
at T, an F-adapted, continuous process of finite variation A : [0, T] — > M with 
^0 = represents the dividend stream up to rm, and Z = [Z , . . . , Z n ) is 
the vector of F-predictable, real-valued processes, where specifies the 
recovery received at time tyi) if default occurs prior to or at T and the ith 
name is the first defaulted name, that is, on the event jr.; = rm < T}. 
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The next definition extends Definition 2.2 to the case of a first-to-default 
claim. Recall that we denote H^p = 1{ T( <t y for every t € [0, T]. 



Definition 3.2. The dividend process D = {D t 
claim maturing at T equals, for every t € M+, 



of a first-to-default 



D t = Xl {T< } l [TM (t)+ f (l-HW)dA u 

( } J]0,tAT] 
r n 



l]0,tAT] . =1 

Let us examine the price processes for the first-to-default claim. Note that 



1 {*<r(i)} S t =1 {t<r (1) }St, 



1 {t<T (1) }St = t {t<T(1)} St, 



where S c and S are pre-default values of S c and S, where, in turn, the price 
processes S c and S are given by Definitions 2.3 and 2.4, respectively. We 
postulate that, for i = 1, . . . ,ra, 



/ B-\l-H^)dA u 

J]0,T] 



< oo, Eq.|B J AT Z l T{X)AT \ < oo, 



so that the ex-dividend price St (and thus also cumulative price 5 C ) is well 
defined for any t S [0, T]. In the next auxiliary result, we denote Y % = B v Z l . 
Hence, Y % is a real- valued, F-predictable process such that Eq* \Y^ at I < 00 • 

Lemma 3.1. We have that 



B t E Q * yZ.^{t<T {1) =T t <T}Yr (r 

\i=i / 

B ( f T n ~ 

= 1{t<T w } G {1) (t-t) EQ * 1 1 ^ y " A " G(1) (u; u) dn 



Proof. Let us fix i and let us consider the process Y£ = lAh S}V i(u) for 
some fixed date t < s < v <T and some event A^T S . We note that 



HI 



^-{s<T(l)=n<v} "»Ar (1) jj sAt (1) 

Using Lemma 3.2, we thus obtain 

^^{Kr^n-CTjYr^ I Qt) 



M l v - M l s + 



V/\T, 



(1) 



A!, du. 



sAt, 



(1) 
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:EQ*(lAl{ s<r(1)=Ti <,;} | Q, 



Eq* I 1a ( Ml — + 



vAt, 



(1) 



A!, du 



sAt, 



(1) 



ft 



Eq. 1 a E q * M* - M* + 



A?, du 



At, 



(1) 



E e * 



l {t<rr 



TAr, 



(l) 



<At, 



Y u X u du 



(i) 



where the last equality follows from the formula 



TAr (1 



(i) 



R u du 



tAr, 



(1) 



which is known to hold for any F-predictable process R such that the right- 
hand side is well defined (see Proposition 5.1.2 in [4]). □ 

Given Lemma 3.1, the proof of the next result is very much similar to 
that of Proposition 2.1 and thus is omitted. 

Proposition 3.1. The pre-default ex-dividend price S of a first-to- 
default claim (X, A, Z, rm ) satisfies 



St 



Bt 



G(i)(t;i 



■Eq* B t G( 1 )(T;T)Xl{ t<T y 



+ £ B- X G {X) (u; u) f £ Zl\\ du + dA^j | JP t j . 



By proceeding as in the proof of Proposition 2.2, one can also establish the 
following result, which gives dynamics of price processes S and S c . Recall 
that \x is the continuous martingale arising in the Doob-Meyer decomposi- 
tion of the hazard process Gm . 

Proposition 3.2. The dynamics of the pre-default ex-dividend price S 
of a fir st-to- default claim (X,A,Z,Tn\) on [0,tm)AT] are 



dS t = (r t + \t)S t dt-J2 X t z i dt ~ dA t + G(i) (<l *) (Bt dm t - S t dfi t 
i=i 

+ G$ (t; t)(S t d(n) t - B t d(n,m) t ), 
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where the continuous F-martingale m is given by the formula 



m t = KQ* ]B^G {1) {T-T)X 

+ ^ B- l G {l) {u-u)\^Z l u \ l u du + dA u 



The dynamics of the cumulative price S c on [Q,t^ AT] are 

n / n \ 

dS c t = - St-) dM\ + r t S t - J2 KZl dt - dA t 

i=l V i=l J 

+ G^ ] (t;t)(B t dm t -S t df M ) 

+ (t; t) {S t d(n) t -B t d(fi,m} t ). 

3.1.4. Hypothesis (H). As in the single-name case, the most explicit re- 
sults can be derived under an additional assumption of the immersion prop- 
erty of nitrations F and G. 

Assumption 3.3. We assume that any F-martingale under Q* is a G- 
martingale under Q*. This also implies that Hypothesis (H) holds between 
F and G. In particular, any F-martingale is also a G^martingale for i = 
1, . . . , n, that is, Hypothesis (H) holds between F and G* for i = 1, . . . , n. 

It is worth stressing that, in general, there is no reason to expect that any 
G l -martingale is necessarily a G-martingale. We shall argue that even when 
the reference nitration F is trivial this is not the case, in general (except for 
some special cases, e.g., under the independence assumption). 

Example 3.1. Let us take n = 2 and let us denote G^ 2 = Q*(n > t \ TL^) 
and G(u,v) = Q(ti > u, r 2 > v). It is then easy to prove that 



i\2 _ f d 2 G(t,t) G(t,t) 



d 2 G(0,t) G(0,t) 
+ ^dMt,r 2 ) + (l-H^^M-)dt, 



where h(t,u) = ^20(0") anc ^ ^ 2 * s ^ ne H 2 -martingale given by 
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If Hypothesis (H) holds between H 2 and H 1 VH 2 , then the martingale part 
in the Doob-Meyer decomposition of G 1 ' 2 vanishes. We thus see that Hy- 
pothesis (H) is not always valid, since clearly 

d 2 G(t,t) G(t,t) 
d 2 G(0,t) G(0,t) 

does not vanish, in general. One can note that in the special case when t 2 < 
ti, the martingale part in the above-mentioned decomposition disappears 
and, thus, Hypothesis (H) holds between H 2 and H 1 V H 2 (this case was 
recently studied by Ehlers and Schonbucher [14]). 

From now on, we shall work under Assumption 3.3. In that case, the 
dynamics of price processes obtained in Proposition 3.1 simplify, as the fol- 
lowing result shows. 

Corollary 3.1. The pre-default ex-dividend price S of a first-to-default 
claim (X, A, Z, rm ) satisfies 

n 

dS t = (r t + \t)S t dt-J2 K4 dt - dA t + B t G a ] (t; t) dm t , 

i=l 

where the continuous ¥ -martingale m is given by (57). The cumulative price 
S c of a fir st-to- default claim (X,A,Z,t^) is given by the expression, for 
*e[0,TA<r ( i)], 

n 

(58) dS c t = r t S c t dt + Y, (Zt - S t ) dM\ + B t G^ (t; t) dm t . 

i=i 

Equivalently, for t € [0, T A Tm], 

n 

(59) dS c t = r t S c t dt + Y^ Z t ~ St) AM\ + B t Gz\ (t; t) dm t , 

i=i 

where m is a G -martingale given by frit = m tAr w for every t € [0, T\. 

In what follows, we assume that F is generated by a Brownian motion. 
Then there exists an F-predictable process £ for which dmt = £t dWt so that 
formula (59) yields the following result. 

Corollary 3.2. The discounted cumulative price of a fir st-to- default 
claim (X, A, Z, rm ) satisfies, for t € [0, T A tm], 

n 

dS c t '* = E B t\ Z l - St) dMt + G^(t; t)& dW t . 

i=l 



PRICING AND TRADING CREDIT DEFAULT SWAPS 



33 



3.1.5. Price dynamics of a CDS. By the ith CDS we mean the credit 
default swap written on the ith reference name, with the maturity date 
Tj, the constant spread Ki and the protection process 5 1 , as specified by 
Definition 2.5. 

Let Sjij X K i) stand for the ex-dividend price at time t of the ith. CDS on 
the event T(i) = Tj = t for some j ^i. This value can be represented using a 
suitable extension of Proposition 3.1, but we decided to omit the derivation 
of this pricing formula. Assuming that we have already computed 
the ith CDS can be seen, on the random interval [0,Tj Arm], as a first- 
to-default claim (X, A, Z, r^) with X = 0, Z = (/SL(rei), . . . , 5 l , . . . , SV(fti)) 
and At = —Kit. This observation applies also to the random interval [0, T A 
Tn)] for any fixed T < Tj. 

Let us denote by n* the following F-martingale: 

The following result can be easily deduced from Proposition 3.1. 

Corollary 3.3. The cumulative price of the ith CDS satisfies, for 
te[0,TiAT {l) }, 

dS c /(Ki) = nsfim) dt + (Si - slim)) dM\ 

+ £ (^ b -(« i )-^(^))dM/ + B t G?^(t;t)dn*. 

Consequently, the discounted cumulative price of the ith CDS satisfies, for 
te[0,TiAT {1) ], 

dSf'*{K i ) = B^{5\-St(K i ))dMi 

n 

+ Bt l £ (5i b .(« i )-5i(« i ))dM/+G^(t;t)adW t , 
where C, 1 is an ¥ -predictable process such that dn\ = QdWt- 



Note that the F-martingale n l can be replaced by the G-martingale n\ 



n 



tAr, 



(i) 



3.2. Replication of a fir st-to- default claim. Our final goal is to extend 
Theorem 3.1 in Bielecki, Jeanblanc and Rutkowski [8] and Theorem 2.1 of 
Section 2 to the case of several credit names in a hazard process model in 
which credit spreads are driven by a multi-dimensional Brownian motion. We 
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consider a self-financing trading strategy <p = (99 , . . . , (p k ) with G-predictable 
components, as defined in Section 2.2. The Oth traded asset is thus the 
savings account; the remaining k primary assets are single-name CDSs with 
different underlying credit names and/or maturities. As before, for any I = 
we will use the short-hand notation S 1 (ki) and S c ' 1 (ki) to denote 
the ex-dividend and cumulative prices of CDSs with respective dividend 
processes D(ki,5 1 ,Ti,fi) given by formula (25). Note that here f\ = tj for 
some j = 1, . . . , n. We will thus write 77 = Tj t in what follows. 

Remark. Note that, typically, we will have k = n + d so that the number 
of traded assets will be equal to n + d + 1. 

Recall that the cumulative price of a first-to-default claim (X, A,Z, T(i)) 
is denoted as S c . We adopt the following natural definition of replication of 
a first-to-default claim. 

Definition 3.3. We say that a self-financing strategy if = ((p°, . . . ,tp k ) 
replicates a first-to-default claim (X,A,Z,t^) if its wealth process V((p) 
satisfies the equality Vj AT{1) (^) = ^tAr w f° r an y * e [0>^T 

When dealing with replicating strategies in the sense of the definition 
above, we may and do assume, without loss of generality, that the compo- 
nents of the process ip are F-predictable processes. This is rather obvious, 
since prior to default any G-predictable process is equal to the unique F- 
predictable process. 

The following result is a counterpart of Lemma 2.3. Its proof follows easily 
from Lemma 2.2 combined with Corollary 3.3, and thus it is omitted. 

Lemma 3.2. We have, for any t 6 [0, T Arm], 



k 



1=1 



n 



Sl( Kl ))dMi+G7Mt-,t)drt 



3=^,3^31 



where 




We are now in the position to extend Theorem 2.1 to the case of a first- 
to-default claim on a basket of n credit names. It is also an extension of 
Theorem 3.1 in [8] to the case of nontrivial reference filtration F. 
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Recall that £ and £ , I = l,...,k are F-predictable, K -valued processes 
such that dm t = £t dWt and dnj = Q l t dWt- 

Theorem 3.1. Assume that the processes (p 1 ,...,^ 71 satisfy, for tE 
[0, T] and i = 1, . . . ,n, 

£ tp l M-S l t ( Kl ))+ J2 y\{S l Ai {K l )-S l t {K l )) = Zi-S t 

l=l,jl=i l=l,ji^i 

and J2i=i fttCt = £*■ Let us set <p\ = <p l (t A rm) /or i = 1, . . . , and t € 
[0,T]. Lei the process V(ip) be given by Lemma 3.2 with the initial condition 
Vo(ip) = Sq and let <p° be given by 

k 

v t (v) = v° t B t +j24s l t (K l ). 

i=i 

Then the self-financing strategy ip = (<p°, . . . , ip k ) replicates the first-to- default 
claim (X, A, Z, rm ) . 

Proof. The proof goes along the similar lines as the proof of Theorem 
2.1. It suffices to examine replicating strategy on the random interval [0,T A 
T(i)]. In view of Lemma 3.2, the wealth process of a self-financing strategy 
ip satisfies on [0, T A rm] 

Mtfr) =Y,&{Bt\5\ - S l t ( Kl ))dMi l 
i=i 

n 

+ Br\sl ]j (K l )-Sl(n l ))d^ + G^ ) (t;t)CldW t ), 

whereas the discounted cumulative price of a first-to-default claim (X, A, Z, T(i)) 
satisfies on the interval [0,T Ar^] [cf. (58)] 

n 

dSt* = E B t\Z\ - S t -)dMl + (1 - H^)G^(t; t)& dW t . 

i=l 

A comparison of the last two formulae leads directly to the stated conditions. 
It thus suffices to verify that the strategy ip = (t/?°, . . . , ip k ) introduced in the 
statement of the theorem replicates a first-to-default claim in the sense of 
Definition 3.3. Since this verification is rather standard, it is left to the 
reader. □ 
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